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and it provides supplemental information to our paper “Flag vectors of Eulerian partially ordered
sets”, to appear in the European Journal of Combinatorics.
1 Description of notation

. . def
Convolution of chain operators: fJ'fr = fot”

SU{m}U(T+m)"
See Appendix B of our paper.
Sparse f basis: A set S C {1,2,...,n} is sparse if it does not contain two consecutive integers, and
it does not contain n. For the vector space of chain operators (fa™! : S C {1,2,...,n}) acting

on Eulerian posets of rank n + 1, the set {ng : S C{1,2,...,n},S sparse} forms a basis.

This was shown in:

M. M. Bayer and L. J. Billera, Generalized Dehn—Sommerville relations for polytopes, spheres
and Eulerian partially ordered sets, Invent. Math. 79 (1985), 143-157.
. 1\ 7
L-vector: Lg"—l def (_1)n7\5| Z <—) g—i-l. Equivalently ng_l = 2|S| Z Lgv+1.

T2[1,n]\S 2 TC[1,n]\S
See Definition 2 of our paper.
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The cones: C?H is the smallest closed convex cone containing the flag vectors of all Eulerian posets.

C%H is the smallest closed convex cone containing the flag vectors of the horizontal doubles of

all half-Eulerian posets. (See Section 2 of our paper.)

2 From PORTA output to Eulerian cone

Let V be a set of vectors contained in the cone of half-Eulerian flag f-vectors, and let cone(V) be the
smallest convex cone containing V. Consider the affine transformation ¢ that multiplies each fg-entry
of a vector by 2/5!, and divides the coefficient of fg in an inequality by 2/°I. Let K"t be the image
of cone(V) under ¢. Then K"*! is contained in the closed cone C%H of flag f-vectors of horizontal
doubles of half-Eulerian posets, which is contained in the Eulerian cone Cg“.

For each rank n+1 < 7 we created a finite set V in the cone of half-Eulerian flag f-vectors, and used
PORTA to generate cone()). In this note we list the facet inequalities for the corresponding cone K +!
(n < 6). We check that these inequalities are valid for all Eulerian posets (not just for doubled half-
Eulerian posets), and this tells us that Cg“ C K™*! for rank at most 7. Thus K" = C%'H = Cg“,

so we have in fact determined the closed cone of Eulerian flag f-vectors for rank n 41 < 7.

3 Inequalities in the sparse f basis

The inequalities listed are equivalent up to a constant factor to the inequalities encoded in the cor-
responding PORTA output files. The second number in brackets corresponds to the number of the
equivalent inequality in the L-basis. Boldfaced inequalities cannot be written as convolutions of lower-

rank inequalities.

Rank 1:
(F1) fi >0 (L1)

Rank 2:
(F1) f3 =0 (L1)
(F1) is equivalent to 3 f7 = %fwlfwl > 0.
Rank 3:

(F1) f2 >0 (L2)
(F2) —2f§+fi >0 (L1)



Rank 4:
(F1) £y >0 (L3)
(F2) —fi+fy>0 (L2)
(F3) =2ff+fl>0 (L1)

Equivalent forms of reducible or non-evident inequalities:
(F2) : 3(fils —2f1) = 3 f3(Ff - 2f3) > 0.
(F3) : f3 = f3 = 5(fls —2f5) = 5(Ff =2/ fj > 0.

Rank 5:
(F1) f;>0 (
(£2) —2f3 4+ fi3>0 (
(£73) =25+ fi320 (
(£4) i+ 320 (
(£5) —2fg + >0 (
(F6) —2fg+f—f3+f5=0 (

Equivalent forms of reducible or non-evident inequalities:

(F2) : (ff =2/ 13 =352 =2/ 1513 = 0.

(F3) : %(f1523 *4f25) = %(f1523 - 2f152) = %fg}fq}(ff) - 2f5’) > 0.

(F4) : 3(f —2f7) = 513 (F = 263) = 113 (FF = 23) 3 > 0.

(F6) : ff —2fp > 0.

Rank 6:

(F1) ff >0 (L10)
(£2) —fM+ >0 (L2
(£3) —2f§+ [y >0 (L6)
(F'4) —2f§+ 3 >0 (L1)
(£'5) —fP+f5>0 (L5
(F6) “2f+ >0 (L8
(F'7) 2 — [l —2f0 + f2, >0 (L9)
(F8) —2f§+2ff — fiy+ f5, >0 (L3)
(£9) ~R+E -+ >0 (L7)
(F10)  =2f§+fP—fS+/5>0 (L4)

Equivalent forms of reducible or non-evident inequalities:

(F2) = (ff = f)f5 = 34 U = 2) 13 f3 = 0.

(F3) « (ff = f§)fi = 0.

(F4) = 5(=2ffs + fhag) = 5 g @Ff — 1) = 2£3 f (FF = 20 fg = 0.
(F5) = 5(f% = 2f7) = 3£ (ff = 2f3).



(F7) : 2f§ — f& + f5, — f§1 = 5(4f5 — 28 + fSy — 2f5) = 3(f3 — 2f) (2 = 2f7)
=37 =2/ (= 2f7) = 0.

(F8) = f9, —2f5 = f(f} —2f§) > 0.

(F9) : f§ —2f3 > 0.

(F10) = f§— f§ = 3(ffs —2f8) = 5(f2 = 23) f§ > 0.

Rank 7:
F1) f] >0 (L23
F2) —2f35 4+ flss >0 (L1
F3) —fl+f5 >0 (L5
F4) —2f§ + fl3 >0 (L10
F'5) —2f3 +fl3 >0 (L3
F6) 4+ fI>0 (L9
F7) —2fg +f{ >0 (
F8) —2fg+f5=0 (
F9) —2ff +f{ >0 (L4
F10) 2ff — fla—=2f{ + flL =0 (
F11) Aff —2fT, —2f5 + fls5 >0 (

) = f3— fls+ 135>0 (

) —2f] + fls — fis + f35 >0 (L4

) —2f{ + fls— fas + f35 >0 (L7

) —2ff +2f] — fla+ f3, 20 (L2

) —2f3 +2f] = 2f5 + f35 >0 (122
F17) =2+ fls = fla+ ;>0 (L6

) —2f5 +2f{ —2f1 4+ f3; >0 (L21

) —f+ B —-fH+H>0 (L8

) —=2f] + [l +2f] — fL—2f2 + fl5 >0 (

) =21+ fls+2f] — fla— 2/ + fls >0 (L20

) —2ff+ I —FB+H—-f+H=0 (

) =2ff = 2ff + fls+4Aff — fla =2+ ;<0 (



Equivalent forms of reducible or non-evident inequalities:

(F2) : (=23 ‘|‘f13)f@ 4f@f@(f1 Qfé%)fq}fg} > 0.

(F3) : (f3 — fl)f@ 2f@(f1 2f@)f5’20-

(F4) = (ff —2f)f3 > 0.

(F5) : %(*2f172 + flg) = %fq}fq}(fir) - 2fq?) >0

(F6) 5(=2fT + fl5) = 53 (ff —2f§) > 0.

(F10) = 2f] — fls + f3, — £ = SAf — 2fls + fhay — 2f3) = (5 — 2/)(fF = 213)

= i(fig —2f5’)(f1 _QfQ))f@l > 0.
(F11) + =2fJ,4+2f3, —2fi+ flas = ( 2 flaq+ 413 —2 145+ flass) = %(ff’—2f5’)fé(ff’—2f5’) > 0.
(F12) : 2f] — fls + fis — [ = 3(4f] — 2/, + fis — 2f5) = 3(f3 — Qf{)")(ff - 2f5’)
= %(fﬁl—ffl)(ﬁ —2f3) = 113 (f3 —2f@)(f1 —2f3) = 25 (P = 2f) (P —2f3) > 0.
: fZ5 —2f57 - (f4 —2f@)fg}f

(F13)

(F14) = fis —2f] = f3(f —2/3) = 0

(F15) = fi, —2f5 = f3(fi —2f3) = Qf@ (ff =2/ 13 = 0.
(F17) : fls—2f0 = f(fS —2f5) > 0

(F19) : fI—fi = 3(f% —2f8) = l(f5 —2f§)f§ > 0.
(F20) = flo =21 = (ff —2/5)f3 > 0.

(F21) : g — 27 —2fL +2f7 > 0.

(F22) : f{ —2f; > 0.

(F23) : g — 27 —2fL +2f7 > 0.

4 Inequalities in the L-basis

Note: Since fg“ = 9l5l Z L%H, and here we need to consider only the nonzero L%H’s, it is
TC[1,n\S
easy to convert an f-formula into an L-formula. The other way may be more difficult. The labels

(F'i) refer to the numbering in the sparse f basis which is given in section 3. Boldfaced inequalities

cannot be written as convolutions of lower-rank inequalities.

Rank 1:
(L1) —Ly<0 (F1)

Rank 2:
(L1) —Lj<0 (F1)



Rank 3:

Rank 4:

Rank 5:

Rank 6:

(L1) L3, <0 (F2)
(L2) —Lj—L3, <0 (F1)

(L1) Ly =L},Ly <0 (F3)
(L2) L3y =LyL3, <0 (F2)
(L3) —Lj—Lip—L33 <0 (F1)

L3, <0
L33 <0
L}, <0
L34+ L3934, <0
LYy + Lip34 <0

_Lg - L?2 - Lg3 - Lg4 - L?234 <0

O O = W N

F@PEP@@@@@
e e

L3, <0 (F4)

LS5 <0 (F2)

Lis + Liys <0 (F8)

LS, + LYy, <0 (F10)

LSy + LS5 <0 (F5)

LY + LYy <0 (F3)

LS5+ LSo45 + L3345 <0 (F9)
LSy + L8234 + Lioys <0 (FO6)
—L8y5 <0 (FT)

0)

) _Lg - L?Z - LgS - Lg4 - L?234 - L?LL") - L?245 - Lg345 < 0 (Fl



Rank 7:

—_

L, <0

Lis+ Lizs <0

Lig+ Ligs6 <0

Ly + Lip34 <0

L3 + Lizss <0

L + Lizs6 + Ligse < 0
L + Ligs6 + Lizs6 < 0
Lis + Liggs + Lize5 <0
L3 + Liz5 + Lizs6 < 0
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L3y + Liggy + Lis + Lisgs + Lizss — Liose + Lisss < 0
L3+ L3y + Liggq + Lizgs — Liosg + Lisse + Lissg < 0
L%y + Ligsq + Lis — Lioss — Lisss + Ligss < 0
L3+ L3y + Lgzs — Liggs — Lioss + Ligse < 0
—Lj— L]y — L3 — LY, — Lip3, — Lis
—Ligy5 — Li345 — Lis — Liose — Lizs6 — Liase — Lizaase < 0
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10) L7+ Lioys + Ligs6 < 0
11) Ly + Liyzq + Lip5 <0
) L6 + Lisse + Lisse + Liase + Lizaase < 0
13) L7y + Ligsq + Lizgs + Lins6 + Linzas6 < 0
14) L3y + Liggs + Lis + Lisys + Lizas + Lisse + Liazase < 0
15) L33+ Liy + Ligzy + Lizss + Lizse + Ligse + Lingase < 0
16) ~Lips <0
17) —Ligs6 < 0
18) —Lis6 <0
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